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a b s t r a c t

This paper shows how ‘‘integral action’’ may be implemented intrinsically in the general setting of fully-
actuated mechanical systems on Lie groups. When combined with an intrinsic formulation of PD control,
integral action ensures that a suitably defined configuration tracking error will converge to zero in
response to constant velocity commands and disturbance forces. Convergence is locally exponential and
almost global, and is robust to bounded parametric uncertainty. For more general bounded commands
and disturbances, the tracking error can bemade arbitrarily small by choosing sufficiently large controller
gains. A separation principle allows the addition of an intrinsic velocity observer to complete a geometric
analog to the familiar output feedback PID controller for second-order linear systems. The controller
extends naturally to accommodate tracking of equivariant output functions. The result is explicitly shown
for the Lie group SO(3), and supported by simulations of a 6DOF quadrotor model.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

It is often sufficient to represent the state of a dynamic system
as a vector in Euclidean space, and to treat the change of the state
with respect to time as a vector in the same Euclidean space. Many
results in control theory have been developed in this framework.
However there are also cases of practical importance where the
system naturally evolves on a more general manifold, and in these
cases a generalized control framework is desirable. For example,
the set of possible orientations of a rigid body do not constitute
a vector space, nor is this set topologically equivalent to any Eu-
clidean space, nor is the angular velocity an element from the same
space as the orientation. A well-developed analytical framework is
available to describe dynamics of systems on smooth manifolds,
however tools for control on these spaces are less advanced. The
objective of this paper is to extend the useful concept of ‘‘integral
action’’ from Euclidean space to a more general setting in the most
natural way.

Smooth manifolds are described by a collection of overlapping
‘‘charts’’, each of which is diffeomorphic, through a typically non-
linear set of coordinate functions, to an open subset of Euclidean
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space. Roughly speaking, there is an increasingly general hierarchy
of control methods for systems on manifolds. First, the dynamics
may be linearized about a single point on the manifold, and lin-
ear control techniques employed. Second, a controller may be de-
signed for the nonlinear equationswithin a single coordinate chart.
Finally, a controller may be designed for the manifold itself, free of
any specific choice of coordinate chart. This last approach is some-
times referred to as ‘‘geometric’’ or ‘‘intrinsic’’. With each increase
in generality comes the potential for improved stability and per-
formance over a larger region of the state space. These factors be-
come important when the operating region cannot be restricted in
advance, as for vehicles undergoing aggressive maneuvers or for
systems that have an arbitrary initial configuration. Furthermore,
it has been shown that if the underlying configuration space is
not diffeomorphic to Rn, there exists no continuous state feedback
that globally asymptotically stabilizes a given configuration (Bhat
& Bernstein, 2000; Mayhew, Sanfelice, & Teel, 2011). The best that
can be achieved using smooth feedback on a non-Euclidean space
is almost-global stability. Such global topological constraints are
inherently absent from any design that considers only a single co-
ordinate chart. A controller that stabilizes an entire chartmay seem
to ensure global stability when in fact it does not. Thus a geometric
approach gives amore accurate characterization of global stability.

The state of a system must include the configuration manifold.
Therefore the state equations will include the time rate of change
of a point on the manifold, called the generalized velocity. (When
referring subsequently to the generalized velocity and other gen-
eralized quantities, the term ‘‘generalized’’ will be dropped when
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the meaning is clear.) In contrast to the case of a Euclidean state
vector, the velocity cannot be treated as an element of the configu-
rationmanifold. Instead it lies in the tangent space to the manifold
at the current configuration. While there may be systems in which
the controlsmaybe applied directly in the tangent space, leading to
first-order dynamics, much more common are cases governed by
second-order dynamics, such as Newton’s law, in which the con-
trols and disturbances are forces that act through the time deriva-
tive of the velocity. Defining the appropriate notion for this time
derivative is non-trivial, and it requires the additional structure
of a Riemannian metric, which is in essence an inner product on
the tangent space that yields the kinetic energy of the system. A
manifold with this additional structure is called Riemannian. The
appropriate definition of the time derivative is called the covari-
ant derivative, and it is uniquely determined by the choice of Rie-
mannian metric. The resulting so-calledmechanical system is com-
pletely defined by the configuration manifold, the metric, and the
set of generalized forces acting on the system. If every degree of
freedom of the configuration manifold has a corresponding con-
trol force, the mechanical system is said to be fully actuated. See
the references for more detailed discussions of these issues (Bullo
& Lewis, 2004; Frankel, 1997; Marsden & Ratiu, 2010).

Traditional PID control consists of (1) defining the tracking er-
ror as the difference between the current configuration and the de-
sired configuration, (2) deriving the error dynamics, which present
the error as though it was itself the configuration of a physical
system, and (3) driving the error to zero with three control forces,
proportional to the error, the time-integral of the error, and the
time-derivative of the error. Among the major difficulties in ob-
taining a geometric extension of this result are the lack of vector
addition for defining the error as an element of the configuration
manifold, and the problem of equating the force, which is a con-
vector, to a scalar multiple of the error, which, at least in the tra-
ditional interpretation, is an element of the configuration mani-
fold. Pioneering work by Koditschek (1989) shows how these dif-
ficulties may be overcome, and derives an intrinsic extension of
PD control for mechanical systems that stabilizes a desired con-
stant configuration. In that context, a critical insight is that the con-
trol terms must all be defined as elements of the tangent space.
Proportional control is interpreted as the force arising from a lo-
cally quadratic, artificially constructed potential energy function
with a unique minimum at the desired configuration. Koditschek
calls this the navigation function. Subsequently in this paper we
use the name error function. Functions that are locally quadratic
at critical points are called Morse functions, and such functions
with a unique global minimum are called polar Morse functions.
Polar Morse functions exist on any smooth manifold without a
boundary (Morse, 1960) and on compact manifolds with a bound-
ary (Koditschek, 1989). Thus generalized proportional control is
obtained from a polar Morse function error function. This avoids
the need to define an error that evolves on the configurationmani-
fold. However since polar Morse functions are also good candidate
distance functions (Koditschek, 1989; Morse, 1960), they provide
a measure of the size of the tracking error. A Morse function has a
finite number of isolated critical points, with the minimum num-
ber of such points determined by the underlying topology. Morse
functions with only one critical point is admitted only on spaces
that are diffeomorphic to Rn. Thus, since each critical point will
also be an equilibrium of the closed-loop system, it is impossible
to achieve global stability of the desired configuration unless the
configuration space is diffeomorphic to Rn. For more details on the
properties of polar Morse functions, see Koditschek (1989).

Because the error function is locally quadratic, the resulting
restoring force takes the form of a linear spring. The term that
provides proportional control action is the gradient of the error
function, which is an element of the tangent plane at the
current error. The derivative term is generalized more directly,
using parallel transport to bring the velocity of the reference
configuration into the tangent space to the present configuration.
Since the tangent space is a vector space, velocity error can be
defined using vector subtraction. Using these extensions, intrinsic
PD control provides almost-global stability of a desired constant
configuration on a Riemannian manifold. These ideas have been
further developed in, for example, Bullo and Murray (1999), Lee,
Leoky, and McClamroch (2010), Maithripala, Berg, and Dayawansa
(2006) and Maithripala, Dayawansa, and Berg (2005). When
considering the problem of adding an integral term, the question
arises as to what quantity, in the absence of an error vector,
should be integrated. Anticipating the results below, this paper
suggests that the appropriate integrand is the gradient of the error
function. Thus the integral term is defined by setting its covariant
derivative proportional to the gradient of the error function. Use
of the covariant derivative ensures that this term also lies in the
tangent plane at the current error.

Although a general manifold lacks both the operation of sub-
traction and a distinguished zero element to drive the error to, a
great deal of structure can be recovered without requiring that the
configuration manifold be a vector space as long as there is a natu-
ral group operation on the manifold. Manifolds with a compatible
group operation are called Lie groups. Recognizing that Euclidean
space is itself a Lie group with the group operation of vector ad-
dition and the identity element 0, it becomes natural to define an
analogous tracking error, for example, xE = x−1

R x or xx−1
R , and then

choose a control to drive xE to the identity element, designated e.
In practice, many non-Euclidean systems of interest are Lie groups.
For example, representing rigid-body orientation by an element
from the set of 3 × 3 orthogonal matrices with determinant +1,
the space of all possible orientations is a group under the operation
of matrix multiplication and with the 3 × 3 identity matrix as the
identity element. The Lie group underlying this representation is
designated SO(3). Though not completely general, systems on Lie
groups are useful in themselves, as well as an important step to-
wards treating an even broader class of problems. The ability to de-
fine a generalized ‘‘error vector’’ as an object in the state space, and
to control that object as though it were a physical system, provides
the control designerwith a powerful intuitive tool. It is unclear that
the benefits of increased generality offset the loss of this intuition.
Therefore this paper focuses on the case of a system evolving on a
Lie group.

Intrinsic PD control guarantees global boundedness of the
tracking error in the presence of bounded parameter errors and
disturbances but, as for the linear PD controller, the tracking er-
ror may not converge to zero. As in the linear case the error can
be made arbitrarily small by picking the PD gains sufficiently large
however doing so has undesirable consequences, such as the need
for large actuators, the possibility of actuator saturation, and am-
plification of noise. Therefore an intrinsic extension of integral ac-
tion would provide a valuable capability. As for the proportional
and derivative terms, the integral term of the controller must be
an element of the tangent space.

PID analogs have been proposed for the special case of attitude
tracking in Choi, Chung, and Suh (2001), Kelly (1998), Li, Teo, Li,
and Ma (2012), Show, Juang, Lin, and Jan (2002), Subbarao (2003),
Subbarao and Akella (2004) and Su and Cai (2011). These are non-
intrinsic formulations derived using local coordinates or quater-
nion representations, and therefore suffer from either singulari-
ties or ambiguities due to over-parameterization (Mayhew et al.,
2011). The PID formulation proposed in Goodarzi, Lee, and Lee
(2013a,b) and Lee (2013) for rigid body attitude tracking in SO(3) is
independent of the coordinates on SO(3), and the controller nom-
inally ensures almost global convergence of the tracking error to
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zero in the presence of constant disturbances. However those for-
mulations do not consider time-varying disturbances or uncer-
tainties and unmodeled forces. It is not clear from the published
results what effect these may have on the controller. These con-
cerns are addressed in detail for the general controller formulation
of the present paper. The PID formulation proposed in Goodarzi
et al. (2013a,b) and Lee (2013) defines the integral term by setting
the time derivative of the integral error to be the intrinsic gradi-
ent of the error function plus a velocity error term. The velocity
term in the integrator has no counterpart in the linear version of
integral action, and the PID controller of Goodarzi et al. (2013a,b)
and Lee (2013) does not reduce to the familiar formulation for lin-
ear systems. Furthermore, the time derivative used is not the co-
variant derivative. As a result, the integrator is not intrinsic, since
the derivative of the integral term is not an element of the tangent
space. Thus the integrator proposed inGoodarzi et al. (2013a,b) and
Lee (2013) depends on the coordinates chosen for the Lie algebra
of the Lie group.

In contrast, this paper presents a completely intrinsic PID con-
troller, which reduces to the standard formulation when applied
to mechanical systems in Euclidean space. The formulation adds
integral action to an intrinsic PD controller for Lie groups defined
following Bullo andMurray (1999), Koditschek (1989) andMaithri-
pala et al. (2006). The Lie group structure is used to define a config-
uration error, E, that evolves on the configuration manifold, and is
analogous to the linear notion of an error vector. The error velocity,
ζE , is the time rate of change of E, appropriately translated to the
tangent space of the identity element. As in the linear case, the con-
trol terms are defined based on this configuration error and its time
rate of change. Specifically, a polar Morse function of E is chosen
as the error function, with unique global minimum at the identity
element of the group, and the proportional control term is given
as the negative of the intrinsic gradient of this error function. The
derivative term is proportional to the error velocity. The covariant
derivative of the proposed integral term is the intrinsic gradient of
the error function. The use of the configuration error leads to some
differences with the Riemannian formulation. The derivative term
used here is based on the velocity of the configuration error, and is
not the same aswould be obtained in the Riemannian setting using
parallel transport. However both provide the desired stabilizing ac-
tion, and both reduce to the standard definition when applied to a
mechanical system in Euclidean space.

This paper shows that the addition of intrinsic integral action
provides similar benefits as in the case of a linear second-order sys-
tem with constant external disturbance forces. In particular, the
proposed PID controller makes a specified constant velocity con-
figuration trajectory locally exponentially stable, for almost all ini-
tial conditions, in the presence of bounded constant disturbances,
unmodeled forces, and parametric uncertainties in inertia proper-
ties and actuation force models. We also show that for bounded
non-constant disturbances and unmodeled forces, parametric un-
certainty, and non-constant reference velocities the error dynam-
ics are globally bounded and the asymptotic value of the error func-
tion, the velocity error, and the integrator term may be made ar-
bitrarily small by picking the gains sufficiently large. To the best
of our knowledge, it is the first time that such a general result
has been proven. Furthermore, we apply the separation principle
proved in Maithripala et al. (2005) to show that the implementa-
tion of the controller in conjunction with a configuration and ve-
locity estimator with local exponential convergence, such as the
ones proposed inMahony,Hamel, and Pflimlin (2008) andMahony,
Trumpf, and Hamel (2013), preserves the convergence properties
of the closed-loop error system.

An earlier version of these results was presented in Maithripala
and Berg (2014). That work applied only to stabilization of a con-
stant configuration on SO(3). An extension to include configuration
trajectory tracking for left-invariant systems was stated with the
sketch of a proof in Maithripala and Berg (2014). In the present pa-
per we strengthen these results and rigorously establish their va-
lidity for any simple mechanical system on a Lie group, and allow
time-varying reference trajectories. The results of the present pa-
per do not require any invariance of the kinetic energy. The present
paper also shows how the result may be applied to stabilize a rel-
ative equilibrium, for example to drive the roll and pitch of an air
vehicle to zero, while allowing yaw to be arbitrary. Specifically, the
tracking results are extended to any equivariant output function.

Section 2 reviews basic concepts related to simple mechanical
systems on general Lie groups. Section 3 contains the statement of
an intrinsic PID controller for fully actuated mechanical systems
on Lie groups. Section 3.3 considers tracking of time-varying
configuration trajectories. Section 3.4 describes the extension to
equivariant output functions. Section 3.5 presents a separation
principle for the controller and any intrinsic velocity estimator,
thus providing output-feedback configuration tracking control.
Section 4 illustrates the results for the special case of configuration
manifold SO(3). The controllers are explicitly developed without
parameterization of SO(3) or its Lie algebra so(3), greatly
simplifying implementation. Section 5 illustrates the performance
of the controller for attitude tracking and direction stabilization in
simulations of a 6-DOF rigid-body quadrotor model.

2. Mechanical systems on Lie groups

This section presents the notation and the basic theoretical
constructs necessary to treat general mechanical systems on a Lie
group. For further details we refer the reader to the texts (Bullo &
Lewis, 2004; Frankel, 1997; Marsden & Ratiu, 2010).

We denote a general element of a Lie group G by g ∈ G and use
e to denote its identity element. Let G , TeG be the Lie algebra of
G and G∗ be its dual space. For ζ ∈ G the notation g · ζ will be
used to represent the left translation of ζ ∈ TeG to g · ζ ∈ TgG
using the derivative of the left-multiplication map on Gwhile ζ · g
will be used to represent the right translation of ζ ∈ TeG to
ζ · g ∈ TgG using the derivative of the right-multiplication map
on G. Conversely the left translation of a velocity vector vg ∈ TgG
to TeG denoted by νL

g , g−1
· vg will be referred to as the left-

velocity while the right translation to TeG given by νR
g , vg · g−1

will be referred to as the right-velocity corresponding to vg . Since
the left and right velocities are globally defined (g, vg) ∈ TG can be
identified with (g, νL

g) ∈ G × G or (g, νR
g ) ∈ G × G. Being equal to

the rate of change ofmomentum, forces are intrinsically co-vectors
and hence elements of the cotangent space T ∗

g G. Let αg ∈ T ∗
g G.

The left and right translations allow one to pull-back the force αg
acting at g to G∗ using either the left translation map or the right
translation map. Denote by f Lg and f Rg the pull-back of αg using the
left and right translations respectively. These are explicitly givenby
f Lg (ζ ) , αg(g · ζ ) and f Rg (ζ ) , αg(ζ · g). Thus we see that (g, αg) ∈

T ∗G can be identified with (g, f Lg ) ∈ G × G∗ or (g, f Rg ) ∈ G × G∗.
Thus the tangent bundle, TG, and the cotangent bundle, T ∗G, are
trivial. That is TG ≡ G× G and T ∗G ≡ G× G∗. Furthermore we see
that there are two distinct ways of trivialization.

A Riemannian metric on G assigns in a smooth fashion an inner
product, ⟨⟨·, ·⟩⟩G, on each of the tangent spaces TgG that gives G the
structure of a Riemannianmanifold. Thismetric is chosen such that
the kinetic energy of the simplemechanical system defined on this
space is given by KE = ⟨⟨ġ, ġ⟩⟩G/2. Themetric alongwith left trans-
lations on G induces the isomorphism ILg : G → G∗ by the rela-
tionship ILgζ (η) , ⟨⟨g · ζ , g · η⟩⟩G while the right translations on G
induce the isomorphism IRg : G → G∗ by the relationship IRgζ (η) ,
⟨⟨ζ · g, η · g⟩⟩G for each g ∈ G. These induced isomorphisms are
called left and right inertia tensors of the system respectively. In
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general these maps are a function of g . If ILg (resp. IRg ) is a constant
then the metric is said to be left-invariant (resp. right-invariant).
The results presented in this paper do not require such invariance.

Associated with any Riemannian metric there is a uniquely de-
fined covariant derivative or connection, called the Levi-Civita con-
nection. The covariant derivative of vector field Y (g) along vector
field X(g) is the vector field written ∇XY . The intrinsic accelera-
tion for velocity ġ(t) is the covariant derivative of ġ(t)with respect
to itself, that is, ∇ġ(t)ġ(t). The two different velocity representa-
tions of the system arising due to the use of left or right transla-
tions on the group will give two different explicit representations
for the Levi-Civita connection. For a given vector fields X(g) on G
the left-trivialization allows us to define a map ξ L

: G → G by
ξ L
g , g−1

· X(g). Similarly the right-trivialization allows us to de-
fine a map ξ R

: G → G using ξ R
g , X(g) · g−1. Let ηL

g , g−1
· Y (g)

and ηR
g = Y (g)·g−1. Then one can define∇

L
ξ Lg

ηL
g , g−1

·(∇X(g)Y (g))

and ∇
R
ξRg

ηR
g , (∇X(g)Y (g)) · g−1. For a metric that does not possess

any invariance properties these representations of the connection
are in general functions of g .

For notational convenience we will drop the g dependence as
well as the superscript in our subsequent representations where it
will be understood that, in explicit computations, one will have to
use L or R when considering left velocities ζ L

= g−1
· ġ or right

velocities ζ R
= ġ · g−1 respectively.

Let fu denote the pull-back of the control forces acting on the
system while fd denote the pull-back of the unmodeled distur-
bances acting on the system. We will neglect constraint forces for
simplicity since, if the constraint force can be modeled then it can
be compensated, and themodeling errors addressed by incorporat-
ing them into fd. The Lie algebra version of these forces are uniquely
given by Fu = I−1fu, and ∆d = I−1fd.

The configuration Lie group G, the inertia tensor I, and the
external forces IFu + I∆d uniquely define a mechanical control
system on the Lie group G. The corresponding Newton equations
have the intrinsic representation

∇ζ ζ = Fu + ∆d. (1)

When one chooses left-velocities to represent the above systemwe
will call it a left-velocity representation while if right-velocities are
used to represent the above system we will call it a right-velocity
representation of the system. When the configuration space is Rn

and the kinetic energy metric is constant Eq. (1) reduces to ẍ =

Fu +∆d. Thus Eq. (1) can be considered as the nonlinear equivalent
of the linear double integrator.

The results of this paper on equivariant output tracking and
the explicit computation of the Levi-Civita connection require the
notion of the action of the Lie group G on a smooth manifold Y. A
smooth map φ : G × Y → Y is said to be a left-action of G on
Y if φg(y) , φ(g, y) satisfies the two properties φe(y) = y and
φg(φh(y)) = φgh(y) for all y ∈ Y and g, h ∈ G. The action is said to
be a right-action if φg(φh(y)) = φhg(y).

Wewill frequentlymake use of the adjoint action Ad : G×G →

G that is defined by Adgη = g · η · g−1 for all g ∈ G and η ∈ G.
The associated derivative map at the identity ad : G × G → G will
be given by adζ η = [ζ , η] where [·, ·] is the Lie bracket on G while
the dual of this map will be denoted by ad∗.

We conclude this section by pointing out that if the Riemannian
metric satisfies certain invariant properties then the Levi-Civita
connection can be explicitly expressed without the use of
coordinates on G or G. Specifically it can be shown that, for left-
invariant metrics,

∇ξη , dη(ξ) +
1
2


± adξη − I−1 ad∗

ξ Iη + ad∗

ηIξ


,

and for right-invariant metrics,

∇ξη , dη(ξ) +
1
2


± adξη + I−1 ad∗

ξ Iη + ad∗

ηIξ


,

where the + results in ∇
L
ξ L

ηL and the − results in ∇
R
ξR

ηR. Here

dη(ξ) , d
dt


t=0η(g exp ξ t), for left-velocities while dη(ξ) ,

d
dt


t=0η((exp ξ t)g), for right-velocities. A metric that is both left

and right invariant is said to be a bi-invariant metric. It can be
shown that for a bi-invariant metric


ad∗

ξ Iη + ad∗

ηIξ


≡ 0 and
hence it follows that the bi-invariant connection is given by

∇ξη , dη(ξ) ±
1
2
adξη,

where once again the+ results in∇
L
ξ L

ηL and the− results in∇
R
ξR

ηR.

3. PID control on Lie groups

For illustration purposes we will begin this section with a re-
view of the basic underlying notions of intrinsic PD control design
for configuration trajectory tracking. The proposed extension to in-
clude integral control will be presented next and it will be first ap-
plied to configuration trajectory tracking and then to output tra-
jectory tracking. The section will conclude with a separation prin-
ciple that will allow the implementation of the PID controller in
conjunction with a suitable observer.

The advantage that one has when working with Lie groups is
two fold: (a) first the group structure allows the definition of a
globally defined configuration tracking error, while (b) the trivi-
alization of TG allows the definition of a globally defined velocity
tracking error without having to resort to the computationally un-
wieldy parallel transport maps. Left and right translations provide
twodistinct but equivalentways of doing this. For a given twice dif-
ferentiable configuration reference gr(t) let the corresponding left-
velocity reference be given by ζ L

r = g−1
r ·ġr while ζ L

= g−1
·ġ be the

left-velocity of the system. Define the left-invariant configuration
error EL

= g−1
r g and the associated intrinsic velocity error ζ L

E ,

(EL)−1
· ĖL

= (ζ L
−Ad(EL)−1ζ L

r ) (Bullo & Murray, 1999; Koditschek,
1989; Maithripala et al., 2006, 2005). Similarly when the velocities
of interest are the right-velocities, ζ R

r = ġr · g−1
r and ζ R

= ġ · g−1,
define the right error system by using the right-invariant error
ER

= gg−1
r and its associated right-velocity error ζ R

E , ĖR
·(ER)−1

=

(ζ R
− AdERζ

R
r ). For both these types of errors the closed-loop sec-

ond order error dynamics evolving on G × G take the form

∇ζE ζE = Fu + ∆d − Fr(E, ζE, ηr) (2)

with

Fr = ∇ζEηr + ∇ηr ζE + ∇ηr ηr , (3)

were for left-velocity representationsηr = Ad(EL)−1ζ L
r and∇ζE ζE =

∇
L
ζ L
E
ζ L
E while for right-velocity representations ηr = AdERζ

R
r and

∇ζE ζE = ∇
R
ζR
E
ζ R
E .

3.1. Intrinsic PD control

First we will investigate the convergence properties of the
trajectories of the closed loop second order error system (2) for
intrinsic PD control when uncertainties are present.

Let V : G → R be a polar Morse function on G with a unique
minimumat e.Without loss of generalitywe assume thatV (e) = 0.
It is known that polar Morse functions are good candidate local
distance functions in a neighborhood of its global minimum
(Koditschek, 1989; Morse, 1960). Thus in this paper we will use
the error function to quantify the configuration tracking error. We



D.H.S. Maithripala, J.M. Berg / Automatica 54 (2015) 189–200 193
will say that the tracking error is small if the corresponding error
function value is small.

Let grad V (E) be the gradient of V (E) at E. The gradient at E is
defined by the relationship d

dt


t=0V (E(t)) = ⟨⟨grad V (E(t)), Ė⟩⟩G,

for all ζ ∈ G. Depending on the choice of representation of the
error system define ηE ∈ G to be either ηL

E = (EL)−1
· grad V (EL)

or ηR
E = (grad V (ER)) · (ER)−1 respectively. Consider the intrinsic

nonlinear PD controller (Bullo & Murray, 1999; Koditschek, 1989;
Maithripala et al., 2006, 2005)

Fu = −kpηE − kdζE + Fr . (4)

The proportional control action is given by the first term, the sec-
ond term gives the derivative action and the last term is the feed-
forward action.

In order to investigate the convergence properties of the trajec-
tories of the error system we define the positive definite function
W : G×G → R byW = kpV (E)+

1
2 ⟨⟨ζE, ζE⟩⟩ where ⟨⟨·, ·⟩⟩ denotes

either ILg or IRg depending on whether the error is left-invariant or
right-invariant respectively. Taking the derivative of W along the
trajectories of (2) one obtains

Ẇ = kp⟨⟨ηE, ζE⟩⟩ + ⟨⟨(Fu + ∆d − Fr), ζE⟩⟩,
= −kd⟨⟨ζE, ζE⟩⟩ + ⟨⟨∆d + ∆ϵ, ζE⟩⟩,

≤ −(kd∥ζE∥ − ∥∆d + ∆ϵ∥)∥ζE∥.

Here∆ϵ represents the effects due to parametric uncertainty in the
inertia and the actuation models. This shows that if the Lie group
G is compact and if the unmodeled forces and parametric uncer-
tainties represented by ∆d + ∆ϵ are bounded then the trajecto-
ries of the closed loop remain globally bounded. When ∆d + ∆ϵ is
zero then LaSalle’s invariance principle implies that the trajecto-
ries converge to the largest invariant set contained in Ẇ ≡ 0. This
set contains points of the form (E, ζE) = (Ē, 0) where Ē satisfies
ηE(Ē) = 0. The points Ē are the critical points of the error function
and (Ē, 0) are the equilibria of the systemwhen∆d+∆ϵ = 0. Since
V (E) is a polar Morse function there are only finitely many critical
pointswith one being a globalminimum. Thus the largest invariant
set ismade-up of only a finite number of equilibriumpoints, (Ēi, 0),
out of which only the one corresponding to the global minimum of
V (E) is almost-globally stable (Bullo & Murray, 1999; Koditschek,
1989; Maithripala et al., 2006, 2005). Thus in the absence of dis-
turbances and parametric uncertainty, the intrinsic PD controller
(4) ensures that limt→∞ E(t) → e for all initial conditions except
those from a set of measure zero, corresponding to the local max-
ima and saddles of the polar Morse function V (E) and the stable
manifolds of the saddles.

This argument also shows that in the presence of bounded con-
stant disturbances andmodeling errors in the parameters and con-
trol moments, the trajectories of the error system can be made to
converge almost globally to an arbitrarily small neighborhood of
(e, 0) by picking kp, kd to be sufficiently large. The size of the neigh-
borhoods of (e, 0) are characterized by the level sets of W . How-
ever, picking kp, kd large has the undesirable effect of magnifying
measurement noise. Furthermore, even small constant attitude er-
rors may cause unacceptable behavior such as translational drift in
vehicles. As for linear systems, adding integral action guarantees
that the attitude errors will go to zero, and avoids the use of large
gains.

3.2. The intrinsic PID controller

The intrinsic PID controller we propose is

∇ζE ζI = ηE, (5)

Fu = −kpηE − kdζE − kIζI + Fr(E, ζE, ηr), (6)
where ζI ∈ G. The second order system (2) together with the
integrator (5) define a dynamic system on X , G × G × G.
Eq. (5) essentially defines the integral term ζI . This equation says
that the gradient of V (E) should be the covariant derivative of the
integral term along the velocity of the error system. One could say
loosely that the term ζI is the ‘‘covariant integral’’ of the gradient
of V (E). When the controller variables correspond to a left-velocity
system we will call the controller a left-PID controller while when
the variables correspond to a right-velocity systemwewill call the
controller a right-PID controller.

Remark 1. The Euclidean space Rn is a Lie group, with the group
operation of addition. On this Lie group, for mechanical systems
with constant mass matrix (constant metric) the control (5)–(6)
with the choice of polar Morse function V (E) = ETE/2 results in
the well known expressions ĖI = E, Fu = −kpE − kdĖ − kIEI + ẍr ,
where xr ∈ Rn is the reference and E = (x − xr).

Analogous to the linear case, in order to investigate the conver-
gence properties of the closed loop systemwe consider the follow-
ing closed loop error dynamics defined on G × G × G:

∇ζE ζE = −kpηE − kdζE − kIζI + ∆d + ∆ϵ (7)

∇ζE ζI = ηE, (8)

where the parameter error term ∆ϵ is given by

∆ϵ = ϵ(−kpηE − kdζE − kIζI + Fr).

Here ϵ is a linear operator, ϵ : G → G that depends on the inertia
uncertainties (I−1I0 − In×n) and the actuator model uncertainties
where I is the actual inertia tensor and I0 is the nominal inertia
tensor with n = dim(G). It is useful to note that when the refer-
ence velocity ζr and the disturbance∆d are constant, the equilibria
of the error dynamics are of the form

(Ēi, 0, (In×n + ϵ)−1(∆d + ϵ∇η̄r η̄r)/kI)

where Ēi is the critical point of V (E). Similar to the case of the PD
controller the convergence properties of the error system trajecto-
ries completely depend on the assigned potential energy V (E). In
Section 3.3 we will show that choosing V (E) to be a polar Morse
function on G results in almost global locally exponential con-
figuration trajectory tracking while in Section 3.4 we will show
that choosing V (E) to be a polar Morse function on certain output
spaces allows almost global locally exponential output tracking. All
these results explicitly assume:

Assumption 1. The reference trajectories gr(t) are twice differen-
tiable and bounded. The disturbance and unmodeled forces repre-
sented by ∆d(t), and the effect of the parametric uncertainties of
the system represented by ∆ϵ are bounded.

3.3. Tracking configuration trajectories

Consider the problem of tracking a twice differentiable configu-
ration trajectory gr(t) in the presence of uncertainty. The stability
results to be presented subsequently will hold for almost all initial
conditions in a compact subset X ⊂ G×G×G. Thus it is desirable
for X to be chosen as large as possible. If G is compact then we set
X = G × G × G to be the entire state space.

The function, its gradient and the Hessian of a polar Morse
function V (E) are bounded on a compact set (Koditschek, 1989;
Morse, 1960). Let µ denote the bound on the Hessian and let λ

be defined by λ = supX
⟨⟨ηE ,ηE ⟩⟩

2V (E)
. The existence of a value for λ

satisfying this inequality is guaranteed by the fact that V (E) is a
polar Morse function. Boundedness of the gradient implies that
⟨⟨ηE, ηE⟩⟩/(2V (E)) is finite away from points where V (E) = 0.
Since polar Morse functions have only a unique minimum and
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we have chosen the unique minimum value to be zero what one
needs to ensure is that the limit exists at the uniqueminimum. This
follows from the fact that a Morse function is locally quadratic and
positive definite around aminimum (Morse, 1960). In factwhat the
above expression means is that the function V (E) is quadratically
bounded from below by ⟨⟨ηE, ηE⟩⟩/(2λ) at the global minimum. A
fact that will ensure locally exponential convergence.

Let the controller gains kp, kI , kd > 0 be chosen to satisfy the
following inequalities involving λ and µ.

0 < kI <
k3d(1 − δ2)

µ
, (9)

kp > max


2κk2d,

λk2I
2k4d


1 +


1 +

4k3d(k
2
I + 4κ2k6d)
λk3I


, (10)

where 0 < κ < 2/µ and δ , |(κµ − 1)| < 1.
In the Appendix we first prove the theorem below.

Theorem 1. Let Assumption 1 hold andX ⊂ G×G×G be a compact
subset that contains (e, 0, 0). If V (E) is a polar Morse function on G
with a uniqueminimumat e and the gains kI , kd, and kp of the intrinsic
PID controller (5)–(6) are chosen such that they satisfy (9)–(10), then
the followings hold:

(1) the tracking error quantified by V (E), the velocity error ζE , and
the integrator state ζI are bounded for all initial conditions in X,

(2) by picking sufficiently large gains the asymptotic tracking error
quantified by V (E), the velocity error, ζE , and the integrator state,
ζI , can be made arbitrarily small for almost all initial conditions
in X,

(3) if ∆d and ζr are constant then limt→∞ g(t) = gr(t) locally
exponentially for almost all initial conditions in X.

(4) in the absence of uncertainty limt→∞ g(t) = gr(t) locally
exponentially for almost all initial conditions in X.

If the Lie group G is compact then X = G × G × G is the entire state
space.

To the best of our knowledge, Theorem 1 is the strongest such
result reported in the literature for robust smooth state feedback
tracking for fully actuated mechanical systems on a general Lie
group including thewidely treated Lie group of rigid body rotations
SO(3). In the case of SO(3) one can show that the convergence is
guaranteed for all initial conditions except three initial conditions
that correspond to the unstable equilibria of the closed loop
system.

Remark 2. We highlight that conditions 1–4 stated in Theorem 1
have a one-to-one correspondence with the properties of the
linear PID controller for the double integrator system on Rn where
global exponential stability in the linear case must be replaced
with almost-global and locally exponential stability for simple
mechanical systems on Lie groups.

3.4. Equivariant output trajectory tracking

In this sectionwe showhow the controller derived above can be
generalized so that a suitable output of the system tracks a desired
trajectory. Let us motivate this general problem by considering
the rigid body attitude direction stabilization problem where
one is only interested in pointing the rigid body in a particular
reference direction. For instance in quadrotor stabilizationwemay
only be interested in maintaining the quadrotor horizontally. The
particular yaw angle may not be of interest. This is specifically so
at takeoff. In fact exact attitude stabilization will cause difficulties
at takeoff since the quadrotor will tend to spin on the ground if
the initial configuration error is not zero. Thus what one would
typically prefer is to stabilize any one of such configurations.
Defining all such desired configurations to be equivalent and
formulating the tracking problem in the space of equivalent classes
allows one to solve this problem. The error function will now be
chosen to be a polar Morse function on the space of equivalent
classes instead of the configuration space. Below we make this
statement precise using the notion of equivariance.

Let Y be a smooth manifold and let φ : G × Y → Y be a
left (resp. right) action of G on Y. A smooth map y : G → Y is
said to be left-equivariant with respect to the left-action φ and left
translations if φh(y(g)) = y(hg) for all h, g ∈ G. Similarly when φ
is a right-action it is said to be right-equivariant with respect to φ
and right translations if φh(y(g)) = y(gh) for all h, g ∈ G.

Assumption 2. The system output y : G → Y, where
Y is a smooth manifold of dimension less than that of G, is
left-equivariant (resp. right-equivariant) with respect to some
transitive left (right) action φ : G × Y → Y and left (right)
translations on G.

Let gr(t) ∈ G be a trajectory that satisfies the conditions
of Assumption 1. Consider the problem of ensuring y(g(t)) →

y(gr(t)) as t → ∞. The equivariance of the output map then
implies that this is equivalent to ensuring limt→∞ y(E(t)) = y(e).
Note that if the output is left-equivariant then the error has to
be the left-invariant error while if the output is right-equivariant
then the error has to be the right-invariant error. This class of
outputs have a wide interest (Bonnabel, Martin, & Rouchon, 2009;
Khosravian & Namvar, 2012; Mahony et al., 2008, 2013) in output
feedback control and observers for rigid body systems. It is not too
hard to see that when the Lie group is SO(3), Y is equal to S2 and
the action φ is given by Ad action then the map defined by y(R) ,
AdR(y0) = Ry0 for some fixed y0 ∈ S2 also satisfies this condition
and gives rise to the direction tracking problem discussed at the
beginning of this section.

In this paper we prove that the intrinsic PID controller (5)–(6)
also solves this problem of tracking output trajectories. The only
difference between controllers for tracking a reference configura-
tion trajectory and a output trajectory is the choice of the error
function. We will show that an equivalent version of Theorem 1
holds. The proof follows the proof of Theorem 1 and is provided
in the Appendix. For convenience we only consider compact Lie
groups G.

Theorem 2. Let Assumptions 1 and 2 hold with G and Y compact. If
V : Y → R is a polar Morse function with a unique minimum at y(e)
and the gains kI , kd, and kp of the intrinsic PID controller (5)–(6) are
chosen such that they satisfy (9)–(10), then the followings hold:

(1) the velocity error ζE , and the integrator state ζI are globally
bounded,

(2) the asymptotic output tracking error quantified by V (y), the
velocity error, ζE , and the integrator state, ζI , can be made
arbitrarily small almost globally by picking sufficiently large gains,

(3) in the absence of uncertainty limt→∞ y(g(t)) = y(gr(t)) locally
exponentially and almost globally.

We wish to highlight that if the output is left-equivariant then a
left-PID controller will be used while if it is right-equivariant then
a right-PID controller will be used. It is clear that when Y = G and
the output is the identity map the problem reduces to the config-
uration trajectory tracking problem discussed in the previous sec-
tion.

We remark that the controller (5)–(6) is a full state feedback
controller due to the presence of the AdE−1 term and hence cannot
be implemented with only the measurement of (y, ζ ). However,
there exist observers such as the ones proposed in Bonnabel et al.
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(2009) and Mahony et al. (2008, 2013) that provide a locally expo-
nentially convergent estimate go of g using themeasurement of an
equivariant output y and the system velocities ζ . Thus if a separa-
tion principle exists it is possible to implement the PID controller
(11)–(12) with only the measurement of (y, ζ ). In the section be-
low we discuss the existence of such a separation principle.

3.5. Separation principle

Let (go(t), ζo(t)) be estimates of (g(t), ζ (t)). Let Eo be the
observation configuration error and ζoE be the corresponding
observation velocity error. Define ẼL

= g−1
r go, η̃L

E = (ẼL)−1
·

grad V (ẼL) for left-velocity systems and ζ̃ L
E = ζ L

o − Ad(ẼL)−1ζ L
r and

ẼR
= gog−1

r , η̃R
E = (grad V (ẼR)) · (ẼR)−1 and ζ̃ R

E = ζ R
o − AdẼRζ

R
r for

right-velocity systems. With these estimates of the error variables,
the PID controller (5)–(6) takes the form

∇ζ̃E
ζI = η̃E, (11)

Fu = −kIζI − kpη̃E − kdζ̃E + Fr(Ẽ, ζ̃E, ηr). (12)

In the case of compact Lie groups using the separation principle
proved inMaithripala et al. (2005) one can show that if there exists
an observer such that (Eo(t), ζoE(t)) → (e, 0) exponentially as
t → ∞ for all (Eo(0), ζoE(0)) ∈ Xo ⊂ G×G for some largeXo then
the composite controller preserves the convergence properties of
the trajectories of the closed loop error system when (5)–(6) is
used. The key to the proof is the global boundedness of trajectories
reported in Theorems 1 and 2 for bounded disturbances and
bounded velocity references. The proof follows exactly the proof
presented inMaithripala et al. (2005) and thereforewill be omitted
from this paper. We state this in the following theorem:

Theorem 3. Let Assumptions 1 and 2 hold with G a compact Lie
group. Let (go(t), ζo(t)) be estimates of (g(t), ζ (t)) such that
limt→∞(Eo(t), ζoE(t)) = (e, 0) exponentially for all (Eo(0), ζoE(0)) ∈

Xo ⊂ G×G. Then all statements of Theorems 1 and 2 hold for all ob-
server initial conditions that satisfy (Eo(0), ζoE(0)) ∈ Xo when the
intrinsic PID controller given by (11)–(12) is used instead of (5)–(6).

This separation principle allows the PID controller to be
implemented without the direct measurement of (g(t), ζ (t)).

4. Example on left-invariant systems on SO(3)

The explicitly construction of the intrinsic PID controller for
the case of fully actuated left-invariant mechanical systems on
SO(3) will be considered in the following. Let us denote by R ∈

SO(3) a particular configuration of the body and Rr(t) ∈ SO(3)
a twice differentiable reference configuration trajectory. The set
of 3 × 3 skew symmetric matrices, so(3), is the Lie algebra of
the Lie group SO(3). Let the left-velocity of the system be given
by Ω̂ , RT Ṙ ∈ so(3). Physically this gives the body angular
velocity Ω = [Ω1 Ω2 Ω3]

T
∈ R3of the rigid body which can

be expressed using the Lie algebra isomorphism ˆ : R3
→ so(3)

that is explicitly given by the relationship

Ω̂ =

 0 −Ω3 Ω2
Ω3 0 −Ω1

−Ω2 Ω1 0


,

forΩ = (Ω1, Ω2, Ω3). On SO(3) the right-velocities correspond to
the spatial angular velocities ω = RΩ . The kinetic energy of rigid
body rotation is given by KE = IΩ · Ω/2 where I is the inertia
tensor of the body and · is the usual dot product in R3. This defines
a left-invariant kinetic energy metric on SO(3) by the relationship
⟨⟨Rζ , Rη⟩⟩ , ζ · Iη. The Lie group action Ad : G× G → G is defined
by AdRΩ̂ = RΩ̂RT or equivalently by AdRΩ = RΩ . The associated
ad : G × G → G is given by adΩ̂ η̂ = [Ω̂, η̂] or equivalently by
adΩη = Ω × η while the dual map ad∗

: G × G∗
→ G∗ is given by

ad∗

Ω Iη = Iη × Ω .
Denote by τ = I(T u

+ ∆d) the moments acting on the body
expressed in the body framewherewe denote the control moment
by τ u

= IT u and unmodeled moments by ∆τ = I∆d.
Newton’s equations (1) in this case are Euler’s rigid body

equations ∇ΩΩ = T u
+ ∆d, where for ζ , η ∈ R3 the left

representation of the Levi-Civita connection is explicitly given by

∇
L
ζ η , dη(ζ ) +

1
2


ζ × η − I−1(Iη × ζ + Iζ × η)


, (13)

from which we have ∇
L
ΩΩ = Ω̇ − I−1(IΩ × Ω).

We assume that there exists an observer such as the one pro-
posed inMahony et al. (2008) to provide an estimate (Ro(t), Ωo(t))
that converges almost globally and locally exponentially to the ac-
tual values (R(t), Ω(t)). For details of the explicit implementation
of this observer we refer the reader to Mahony et al. (2008). With
these estimates the intrinsic PID controller (11)–(12) is explicitly
given by

Ω̇I = −
1
2


Ωo × ΩI − I−1(IΩI × Ωo + IΩo × ΩI)


+ η̃E, (14)

T u
= −kpη̃E − kdΩ̃E − kIΩI + Fr(Ẽ, Ω̃E, Ωr) (15)

where Ẽ = RT
r Ro, ζ̃E = (Ωo − ẼTΩr) and the feed forward term

Fr can be computed using (3), (13), and the following expressions
when Ωr is a constant:

dAdE−1ζr(EζE) = (ETΩr) × ΩE,

dAdE−1ζr(EAdE−1ζr) = 0.

What remains is the construction of the proportional term η̃E . In
the next two sections we construct it explicitly for the two cases of
attitude tracking and direction tracking.

4.1. Attitude tracking

Define the left-invariant error E = RT
r R and consider the po-

lar Morse function V : SO(3) → R that is explicitly given by
V (E) = trace(I3×3 − E). It can be shown that V (E) has only
four critical points at E0 = I3×3, E1 = diag{1, −1, −1}, E2 =

diag{−1, 1, −1}, E3 = diag{−1, −1, 1}. The first one is a global
minimum while the others give rise to the maximum value of the
function (Bullo & Lewis, 2004; Koditschek, 1989; Marsden & Ratiu,
2010). It can be shown that the left gradient of V (E) denoted by
η̂E(t) = ETgrad V (E) is explicitly given by η̂E =

1
det(I) I(E − ET )I

and that λ = 2λmax(I)/λmin(I)2 and µ =
2(λmin(I)+λmax(I))

λmin(I)2 on
X = G × G × G where λmax(I) denotes the maximum and λmin(I)
denotes the minimum eigenvalue of I respectively.

Theorem 3 guarantees that the controller (14)–(15) with
ˆ̃ηE(t) =

1
det(I) I(Ẽ − ẼT )I ensures that limt→∞ R(t) = Rr(t) expo-

nentially for all initial conditions except three initial conditions
that correspond to the three unstable equilibria (Ēi, 0, (ϵ +

In×n)
−1(∆̄d − ϵĒT

i I−1(IΩ̄r × Ω̄r))/kI), for i = 1, 2, 3.

4.2. Direction tracking

In direction trackingwe are only interested in pointing the rigid
body along a desired reference direction. Specifically if Rr(t) ∈

SO(3) is a twice differentiable reference and e3 = [001]T then
the tracking problemwe are interested in this section corresponds
to ensuring that R(t)e3 → Rr(t)e3 as t → ∞. That is we are
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interested in pointing the e3 body fixed direction along the Rr(t)e3
spatial direction.

Let Y = S2, with φ : G × Y → Y being the standard Ad
action. It follows that the output y(R(t)) = R(t)e3 ∈ S2 satisfies the
conditions of Assumption 2. Then the tracking problem of interest
is to ensure y(R(t)) → y(Rr(t)) as t → ∞.

Following Theorem 2what is required is a polar Morse function
on S2. The obvious choice is V : S2

→ R where V (y) , (1− y · e3).
It is straightforward to show that ηE = I−1(ET e3 × e3) is the left-
gradient of the natural extension of V to SO(3). Which shows that
there are only two critical points y(I3×3) = e3 and ȳ1 = y(Ē1) =

−e3 where Ē1 = diag{1, −1, −1}. These two correspond to the
two poles of S2 respectively. Computing the Hessian one sees that
the two critical points are non-degenerate andhenceV (y) is a polar
Morse function on S2 with a unique minimum at y(I3×3) = e3. The
critical point e3 is a global minimum and −e3 is a global maximum
of V (y). In this case one can also show that λ = 1/(λmin(I)) and
µ =

(λmin(I)+λmax(I))
λmin(I)2 .

Theorem 2 guarantees that, in the absence of uncertainty, the
controller (14)–(15) with η̃E = I−1(ẼT e3 × e3) ensures that
limt→∞ y(R(t)) = y(Rr(t)) exponentially for all initial conditions
except initial conditions that correspond to the unstable equilib-
rium (ȳ1, 0, 0).

5. Simulation result for a 3D quadrotor

Let the quadrotor configuration be specified by (R, o) ∈ SO(3)×
R3 where R represents the orientation and o represents the posi-
tion of the center ofmass of the devicewith respect to some inertial
frame. Denote by I the inertia tensor and byM the total mass of the
quadrotor. Let τ u

= IT u be the control moments generated by the
thrust and drag on the rotors and I∆d represents unmodeled mo-
ments that arise due to disturbance forces, unmodeled forces and
errors such as those due to the inaccurate knowledge of the center
of mass of the device. The control force acting at the center of mass
of the quadrotor is assumed to be of the form Fu = [0 0 f T ]in
thebody frame.

In hover mode, if one neglects the effect of rotor flapping the
nominal body moments generated by the rotors can be expressed
as (Mahony, Kumar, & Corke, 2012)

τ u
=

 0 Lcl 0 −Lcl
−Lcl 0 Lcl 0
−cd cd −cd cd


ω2

1

ω2
2

ω2
3

ω2
4

 , (16)

and the total thrust force can be expressed as

f T = cl(ω2
1 + ω2

2 + ω2
3 + ω2

4) (17)

where L is the distance from the center of mass of the quadrotor to
the center of the rotor, cl is the coefficient of lift acting on a rotor,
cd is the coefficient of drag acting on a rotor, and ωi is the angular
velocity of the ith rotor.

We let the nominal inertia parameters be M0 = 0.65 kg, I0 =

diag{0.004, 0.004, 0.006} kg m2 while the actual parameters be
M = 0.7 kg, I = diag{0.0035, 0.0045, 0.007} kg m2. The actual
actuator parameters cl, cd were taken to be ±10% different from
the nominal values. We have also assumed that the motors are not
identical and that they saturate at an upper limit of 15,000 r.p.m.
and at a lower limit of 2000 r.p.m.

The motor speeds ωi are determined using (16)–(17) where we
let f T = 1.3M0g and τ u

= I0T u with T u given by (14)–(15).
Due to the saturation of the motors we implement the controller
(14)–(15) with a simple anti-windup scheme to prevent integrator
windup where the integrator update is stopped when any one of
Fig. 1. The tracking error V (E) = trace(I3×3 − E) for the quadrotor tracking
the attitude reference Rr (t) = expπ te1 using the control (14)–(15) with ̃ηE =

1
det(I) I(Ẽ − ẼT )I in the presence of constant disturbances, parametric uncertainty,
actuator saturation, and no measurement noise.

Fig. 2. Body angular velocities Ω for the quadrotor tracking the attitude reference
Rr (t) = expπ te1 using the control (14)–(15) with ̃ηE =

1
det(I) I(Ẽ − ẼT )I in the

presence of constant disturbances, parametric uncertainty, actuator saturation, and
no measurement noise.

the motors saturate. We employ the almost globally and locally
exponentially convergent observer proposed in Mahony et al.
(2008) to obtain the estimate (Ro, Ωo). The observer equations are
not presented here for brevity.We refer the reader toMahony et al.
(2008) and Maithripala and Berg (2014) for these equations.

Simulations were carried out at a step size of h = 1 ms us-
ing a Runge–Kutta numerical differentiation algorithm based on
the MATLAB ODE45 function while the controller was updated ev-
ery 20 ms. In all simulations the initial conditions of the quadrotor
were chosen to correspond to an upside down stationary configu-
ration (R(0) = diag{1, −1, −1} and Ω(0) = [0, 0, 0] rad/s).

For the case of attitude tracking we use the control (14)–(15)
along with ˆ̃ηE(t) =

1
det(I) I(Ẽ − ẼT )I. From the nominal inertial

properties we have λ = 750, µ = 1250. We let κ = 1/µ and
hence δ = 0. Thus we have that kp = 2, kI = 5, kd = 35 satisfy
the conditions (9)–(10). Figs. 1–4 demonstrate the effectiveness of
the controller when the reference is Rr(t) = exp(π t e1). In these
simulationswe assume that anunmodeled constantmoment∆d =

−g(X̄ × e3) is acting on the quadrotor while the measurements
feeding the observer are noiseless. In the simulations shown in
Figs. 5–7 we assume that the center of mass is off-set by X̄ =

[1, 1, 0] cm, giving rise to a time varying moment ∆d = −g(X̄ ×

RT e3), while the measurements feeding the observer are also
assumed to be corrupted by white noise.

Figs. 8–15 show the results of direction tracking where we use
V (y(Ẽ)) , (1 − Ẽe3 · e3) and hence η̃E = I−1(ẼT e3 × e3). In this
case λ = 250 and µ = 625. Thus it can be shown that the same
gains as used above kp = 2, kI = 5, kd = 35, satisfy the conditions
(9)–(10). We let y(Rr(t)) = (expπ te1)e3 where e1 = [1 0 0]T .

Figs. 8–11 show the simulations in the presence of time vary-
ing disturbances, parametric uncertainty, andmeasurement noise,
while Figs. 12–15 show the simulations in the absence of distur-
bances, uncertainty and measurement noise.
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Fig. 3. The integrator state ΩI for the quadrotor tracking the attitude reference
Rr (t) = expπ te1 using the control (14)–(15) with ̃ηE =

1
det(I) I(Ẽ − ẼT )I in the

presence of constant disturbances, parametric uncertainty, actuator saturation, and
no measurement noise.

Fig. 4. The motor speeds for the quadrotor tracking the attitude reference Rr (t) =

expπ te1 using the control (14)–(15) with ̃ηE =
1

det(I) I(Ẽ − ẼT )I in the presence
of constant disturbances, parametric uncertainty, actuator saturation, and no
measurement noise.

Fig. 5. The tracking error V (E) = trace(I3×3 − E) for the quadrotor tracking
the attitude reference Rr (t) = expπ te1 using the control (14)–(15) with̃ηE =

1
det(I) I(Ẽ − ẼT )I in the presence of time varying disturbances, parametric

uncertainty, actuator saturation, and measurement noise.

Fig. 6. Body angular velocities Ω for the quadrotor tracking the attitude reference
Rr (t) = expπ te1 using the control (14)–(15) with ̃ηE =

1
det(I) I(Ẽ − ẼT )I in the

presence of time varying disturbances, parametric uncertainty, actuator saturation,
and measurement noise.

6. Conclusion

This paper extends the powerful notion of integral action to
fully actuated simple mechanical systems on general Lie groups.
The controller is capable of ensuring almost global locally expo-
nential tracking of constant velocity configuration references in
the presence of parametric uncertainty and constant disturbances.
Fig. 7. The integrator state ΩI for the quadrotor tracking the attitude reference
Rr (t) = expπ te1 using the control (14)–(15) with ̃ηE =

1
det(I) I(Ẽ − ẼT )I in the

presence of time varying disturbances, parametric uncertainty, actuator saturation,
and measurement noise.
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Fig. 8. The tracking error V (y(E)) , (1 − Ee3 · e3) for the quadrotor tracking
the direction reference y(Rr (t)) = (expπ te1)e3 using the control (14)–(15) with
η̃E = I−1(ẼT e3 × e3) in the presence of time varying disturbances, parametric
uncertainty, actuator saturation, and measurement noise.

Fig. 9. The body angular velocity Ω for the quadrotor tracking the direction
reference y(Rr (t)) = (expπ te1)e3 using the control (14)–(15)with η̃E = (ẼT e3×e3)
in the presence of time varying disturbances, uncertainty and measurement noise.

Fig. 10. The integrator state ΩI for the quadrotor tracking the direction reference
y(Rr (t)) = (π te1)e3 using the control (14)–(15) with η̃E = (ẼT e3 × e3) in the
presence of time varying disturbances, parametric uncertainty, actuator saturation,
and measurement noise.

For general bounded disturbances and twice differentiable refer-
ence trajectories the error dynamics and the integrator state are
guaranteed to be globally bounded. At the same time the asymp-
totic tracking error can bemade arbitrarily small almost globally by
picking sufficiently large gains. The controller is extended to track
output trajectories of a particular class.We also show that a separa-
tion principle holds that yields a dynamic output feedback control.



198 D.H.S. Maithripala, J.M. Berg / Automatica 54 (2015) 189–200
Fig. 11. The motor speeds for the quadrotor tracking the direction reference
y(Rr (t)) = (π te1)e3 using the control (14)–(15) with η̃E = (ẼT e3 × e3) in the
presence of time varying disturbances, parametric uncertainty, actuator saturation,
and measurement noise.

Fig. 12. The tracking error V (y(E)) , (1 − Ee3 · e3) for the quadrotor tracking
the direction reference y(Rr (t)) = (expπ te1)e3 using the control (14)–(15) with
η̃E = I−1(ẼT e3 × e3) in the presence of actuator saturation, and no uncertainty.

Fig. 13. The body angular velocity Ω for the quadrotor tracking the direction
reference y(Rr (t)) = (expπ te1)e3 using the control (14)–(15)with η̃E = (ẼT e3×e3)
in the presence of actuator saturation, and no uncertainty.

Fig. 14. The integrator state ΩI for the quadrotor tracking the direction reference
y(Rr (t)) = (π te1)e3 using the control (14)–(15) with η̃E = (ẼT e3 × e3) in the
presence of actuator saturation, and no uncertainty.

The controller is explicitly derived for the special case of rigid
body attitude tracking and direction tracking where the conver-
gence is guaranteed for all initial conditions except a few initial
conditions that correspond to the unstable equilibria of the closed
loop system. The derived PID controller does not require any pa-
rameterization of the rigid body rotations, greatly simplifying im-
plementation. The effectiveness of the controller is demonstrated
using simulations on a 3D quadrotor model.
Fig. 15. The motor speeds for the quadrotor tracking the direction reference
y(Rr (t)) = (π te1)e3 using the control (14)–(15) with η̃E = (ẼT e3 × e3) in the
presence of actuator saturation, and no uncertainty.

Appendix

Proof of Theorem 1. Let V (E) be Morse function with a unique
minimum at e (a polar Morse function). Without loss of generality
we assume V (e) = 0. Define the functionW : G × G × G → R as

W = kpV (E) +
1
2
⟨⟨ζE, ζE⟩⟩ + γ

1
2
⟨⟨ζI , ζI⟩⟩

+ α⟨⟨ηE, ζE⟩⟩ + β⟨⟨ζI , ζE⟩⟩ + σ ⟨⟨ζI , ηE⟩⟩,

where α, β, γ , σ > 0. Consider a compact subset X ⊂ G × G × G

that contains (e, 0, 0). Let λ, µ > 0 be such that λ = supX
⟨⟨ηE ,ηE ⟩⟩

2V (E)
,

µ = supX
⟨⟨ζ ,∇ξ ηE ⟩⟩

⟨⟨ζ ,ξ⟩⟩
. The existence of these bounds are guaranteed

by the fact that V (E) is a polar Morse function. Then we see that

W >
kp
2λ

⟨⟨ηE, ηE⟩⟩ +
1
2
⟨⟨ζE, ζE⟩⟩ + γ

1
2
⟨⟨ζI , ζI⟩⟩

+ α⟨⟨ηE, ζE⟩⟩ + β⟨⟨ζI , ζE⟩⟩ + σ ⟨⟨ζI , ηE⟩⟩.

It can be shown that the right hand side of the above expression
is positive definite as long as kp >

λ(σ 2
+γα2)

(γ−β2)
. Thus W is positive

definite on X as long as α, β, σ , γ and kp satisfy the above
conditions. Moreover it shows that W is quadratically bounded
from below at the global minimum ofW . Let Ē0, Ē1, . . . , Ēm be the
finitely many critical points of the polar Morse function V (E). We
let Ē0 = e be the global minimum. For a given small ϵE > 0,
denote by S0 a neighborhood of (e, 0, 0) such that V (E) < ϵE
and


∥ηE∥

2 + ∥ζE∥2 + ∥ζI∥2 < ϵE . Denote by Si a neighborhood
of (Ēi, 0, 0) ∈ X such that


∥ηE∥

2 + ∥ζE∥2 + ∥ζI∥2 < ϵE and
define S , ∪

m
i=0 Si. Wewill show that the gains can be chosen such

that trajectories of the error dynamics will converge to the largest
invariant set contained in S0 for almost all initial conditions in X.

DifferentiatingW along the dynamics of the closed loop system
we have

Ẇ = −βkI⟨⟨ζI , ζI⟩⟩ − (αkp − σ)⟨⟨ηE, ηE⟩⟩ − kd⟨⟨ζE, ζE⟩⟩
+ (γ − αkI − βkp)⟨⟨ζI , ηE⟩⟩

+ ⟨⟨ζI , σ∇ζEηE − (kI + βkd)ζE⟩⟩ + α⟨⟨ζE, ∇ζEηE⟩⟩

+ (β − αkd)⟨⟨ζE, ηE⟩⟩ + ⟨⟨∆d, ζE + αηE + βζI⟩⟩

+ ⟨⟨ϵFr , ζE + αηE + βζI⟩⟩

− ⟨⟨ϵ(kpηE + kdζE + kIζI), ζE + αηE + βζI⟩⟩.

Let σ = κ(kI + βkd). It can be shown that ⟨⟨ζI , κ∇ζEηE − ζE⟩⟩ ≤

δ∥ζI∥ ∥ζE∥, where δ , |(κµ − 1)|. Using this and the properties of
the inner product we have

Ẇ ≤ −zTQz + ⟨⟨∆d, ζE + αηE + βζI⟩⟩

+ ⟨⟨ϵFr , ζE + αηE + βζI⟩⟩

− ⟨⟨ϵ(kpηE + kdζE + kIζI), ζE + αηE + βζI⟩⟩

≤ −(λmin(Q ) − g1(g0 + g2)∥ϵ∥)∥z∥2

+

g1∥∆d∥ + g1∥ϵ∥ ∥∇ηr ηr∥


∥z∥
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where λmin(Q ) is the minimum eigenvalue of the matrix Q , g0 =

max{kp, kd, kI}, g1 = max{1, α, β}, g2 = ∥2∇ηr + adηr ∥.

Q =


βkI −

|(γ − αkI − βkp)|
2

−
δ(kI + βkd)

2

−
|(γ − αkI − βkp)|

2
(αkp − σ) −

|(β − αkd)|
2

−
δ(kI + βkd)

2
−

|(β − αkd)|
2

(kd − αµ)


z =


∥ζI∥ ∥ηE∥ ∥ζE∥

T
.

Let

α =
kI
k2d

, β =
kI
kd

, γ =
kI(kI + kpkd)

k2d
.

Then

Q =


k2I
kd

0 −δkI

0 (αkp − σ) 0
−δkI 0 (kd − αµ)

 .

We see that

det(Q ) = (αkp − σ)


k2I
kd

(kd − αµ) − δ2k2I


.

Observe that for 0 < κ < 2
µ
we have 0 ≤ δ < 1. Thus the matrix

Q is positive definite as long as kI > 0, k3d ≥
kIµ

(1−δ2)
, and kp ≥ 2κk2d .

Recall that, for the positive definiteness of W , we also require
that

kp >
λ(σ 2

+ γα2)

(γ − β2)
=

λ(4κ2kIk6d + k3I + k2I kdkp)
kpk5d

.

Thus as long as kp, kd, kI > 0 are chosen such that

0 < kI <
k3d(1 − δ2)

µ

kp > max


2κk2d,

λk2I
2k4d


1 +


1 +

4k3d(k
2
I + 4κ2k6d)
λk3I


,

W and Q are positive definite on X. Let WX be the smallest level
set ofW that contains X. Find λ, µ inWX and replace them in the
above inequalities if different from the values obtained onX. Then
if kp, kd, kI > 0 are chosen as above all trajectories that begin in X
stay inWX proving the first part of Theorem 1.

We also see that for a given ϵE we can pick kp, kI , kd > 0
sufficiently large such that

0 <


g1∥∆d∥ + g1∥ϵ∥ ∥∇ηr ηr∥


(λmin(Q ) − g1(g0 + g2)∥ϵ∥)

≤ ϵE .

Therefore the gains can be chosen such that Ẇ < 0 on the set
X \ S. SinceW has a unique minimum at (e, 0, 0) this implies that
all trajectories converge to the largest invariant set contained in
S0 for all initial conditions except those that belong to the largest
invariant sets contained in∪

m
i=1 Si and their stablemanifolds. Since

the critical points Ēi for i ≠ 0 of a polarMorse function aremaxima
or saddles we see that this set is of measure zero for sufficiently
small ϵE (Koditschek, 1989). Hence we see that all trajectories
except those that correspond to a set of measure zero converge to
a trajectory where V (E) < ϵE and


∥ηE∥

2 + ∥ζE∥2 + ∥ζI∥2 < ϵE ,
proving the second part of Theorem 1. When G is a compact Lie
group then X = G × G × G and the convergence is said to be
almost global.
When ∆d and ζr are constant the system is time invariant
and one can use Lasalle’s invariance principle that says that
the trajectories converge to the largest positively invariant set
contained in Ẇ ≡ 0. The set where Ẇ ≡ 0 is contained in S. It
can be shown that Ẇ ≡ 0 at the point (Ēi, 0, (In×n + ϵ)−1(∆d +

ϵ∇η̄r η̄r)/kI) ∈ Si. This point is also an equilibriumpoint of the error
dynamics (8). These are the only invariant trajectories contained
in Ẇ ≡ 0. Thus we have shown that the intrinsic PID controller
enforces the trajectories to converge to the desired equilibrium
(e, 0, (In×n + ϵ)−1(∆d + ϵ∇ζr ζr)/kI) for all initial conditions in
X except those that correspond to the finitely many unstable
equilibria, saddles and their stable manifolds. If the Lie group G is
compact thenX = G×G×G. The convergence is guaranteed to be
locally exponential since W is locally quadratically bounded from
below at the global minimum. Thus we have proved the final part
of Theorem 1.

Proof of Theorem 2. Let X = Y × G × G and consider the same
functionW considered in the proof of the previous theoremwhere
the only difference is that V (y) is now a polar Morse function
on Y with the unique minimum at ye = y(e). Let ȳi denote
the other critical points of V (y). Define ηE = E−1grad V (y(E))
(or by ηE = grad V (y(E))E−1 for right-velocity systems) by
considering the natural extension of V to G. Denote by M0 a
neighborhood of (ye, 0, 0) ∈ Y × G × G such that V (y) <

ϵE and


∥ηE∥
2 + ∥ζE∥2 + ∥ζI∥2 < ϵE and let M = ∪

m
i=0 Mi,

where Mi a neighborhood of (ȳi, 0, 0) ∈ Y × G × G such that
∥ηE∥

2 + ∥ζE∥2 + ∥ζI∥2 < ϵE . Following the proof of Theorem 1
we see that all trajectories except those that correspond to a
set of measure zero on Y × G × G converge to an invariant
trajectory inM0 where V (y) < ϵE and


∥ηE∥

2 + ∥ζE∥2 + ∥ζI∥2 <
ϵE . What remains to be shown is that the dynamics of the
closed loop remain bounded when restricted to M0. This follows
easily from the fact that G is compact and


∥ζE∥2 + ∥ζI∥2 <

∥ηE∥
2 + ∥ζE∥2 + ∥ζI∥2 < ϵE .

When ϵ = 0, ∆d = 0. One can show that the equilibria
of the systems are of the form (ȳi, 0, 0) and that these comprise
the largest invariant set contained in Ẇ ≡ 0. The LaSalle
invariance theorem then implies that (ye, 0, 0) is almost globally
asymptotically stable. The locally quadratic nature of W near
(ye, 0, 0) implies the locally exponential convergence, proving
Theorem 2.
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